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Abstract 

. A boundary value problem related to a parabolic higher order op- 



erator with a small parameter e is analized. For e tends to zero, the 
reduced operator is hyperbolic. When t — >• oo and e — > a parabolic 
hyperbolic boundary layer appears. In this paper a rigorous asymp- 
totic approximation uniformly valid for all t is established. 



1 Introduction 

The parabolic operator 

(1.1) C £ = d xx (ed t + c 2 )-d tt 

is related to the well known Kelvin -Voigt viscoelastic model. Further, it 

characterizes also the principal part of numerous models with non linear 
dissipation, such as 

(1.2) C £ = 0(u,u x ,u t ). 

Tipical example is the perturbed Sine Gordon equation. [6] Moreover, by 
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means 



of (1.2), wave equations with non linear terms are regularized obtaining 
a priori estimates and considering the e parameter vanishing.fi]. Further 
third operators are also considered to value the Cauchy problem for a second 
order hyperbolic equation [2] or to regularizate parabolic forward- backward 
equations. [3] 

Singular perturbation problem related to equations like (1.2) have interest 
also to evaluate the influence of the dissipative causes on the wave propa- 
gation. [4]. In particular, in the linear case j3 = f(x,t), it's interesting to 
compare the effects of the diffusion with the pure waves which occur when 
e = 0. In this case one has a parabolic- hyperbolic boundary layer with the 
unique singularity for t — > oo. 

In this paper , we consider the strip problem for equation (1.2) and ana- 
lyze the singular perturbation problem when /3 = f(x, t) is linear. The Green 
function related to this problem has been already determined in term of a 
rapidly decreasing Fourier series. [5]. 

An appropriate analysis of this series when e — > allows to obtain a 
rigorous asymptotic estimate of the solution, uniformly valid even t — > oo. 

2 Statement of the problem 

If v(x,t) is a function defined in 



with / arbitrary positive constant, let IBC the following system of initial- 
boundary conditions: 



Q — {(x,t) :0<x<l, t>0}, 



(2.1) 



v(x,0) 
v(0,t) 



fo(x), v t (x,0) = xe[0,l], 
tpo, v(l,t) = i/; 1 , t>0, 



with fi,ipi (i = 0, 1) regular data. 
Consider the operators: 



(2.2) 



Cq = c 2 dxx — dtt; C £ = Cq + edxxt 
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and denote by u and u £ the solutions of the problems: 

ProblemP : calL u = -f with IBC ??21) 
ProblemP £ : ca/L £ w £ = -/ with IBC ??21), 
where f(x,t) is a prefixed source term. 

To obtain a rigorous approximation of w e whene — >■ 0, we put 

(2.3) u(x, t, e) = u (x,t) + er(x, t, e) 

where Uq is the well-known solution of the classical problem P Q , while the 
error term represent the solution of the ProblemP r : 

calLer = —F(x,t) (x,t)efl 

(2.4) \ v(x,0) = f (x), v t (x,0) = fi(x), xe[0,l], 

k u(0,0 = ^o, u(M)=^i, t>0, 
with F(x,t) = dxxtu . Therefore, following results in ??,one has: 

(2.5) r(x, t,e) = - f d£ f F(£, r, e)G(x, £, * - r) dr 

Jo Jo 

where G(x, £, t) is the Green function related to C £ operator. 
In particular, for all integer n > 1 , letting: 

, , 7r e n 2c/ 

(2-6) 7„ = -n a n = - 7n fc = — 

/ 2 7T£ 



b n = 7„cy / l - (n//c) 2 # n = e 



/an 



sen(b n t) 



b n 



2 00 

(2.7) G(ar, f , t) = y 51 ^(0 sin 7n^ sin 7^ 

' n=l 

with 
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(2.8) 

and 
(2.9) 



H n {t) 



-bn 2 t 



bn 2 Jl - (k/n) 



sinh(fen 2 ^l - (k/n) 2 ) 



2d 

ire 



7T 



In = jn. 



Now, denote with u(x, t) the solution of the reduced problem obtained by 
(2.1) with e — 0. To obtain an asymptotic approximation for w(x,t) when 
e — > 0, we put: 

(2.10) w(x, t, e) = e~ £t u(x, t) + r(x, t, e) 

where the error r(x,t,e) must be evaluated. 

By means of standard computations one verifies that r(x,t, e) is the so- 
lution of the problem: 
onsider the operators 



(2.11) 



d xx (er t + c 2 r) - d tt r = f(x, t, e), (x, t) e D, 
r(x,0) = 0, r t {x,0) = 0, xe [0,1], 
r(0,t) = 0, r{l,t) = 0, 0<t<T, 



where the source term f(x,t,e) is: 



(2.12) f{x, t, e) = F{x, t){\ - e- £t ) + e - £t [-e\ t + e\u + u xx )} 

with A = 2u + u xx . 

The problem (2.11) has already been solved in [5] and the solution is 
given by: 



(2.13) r(x, t,e) = - f d£ f f{i, r, e)G(x, £,t-r) dr 

Jo Jo 

where G(x, t) is: 
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(2.14) 

with 
(2.15) 

and 
(2.16) 



2 ~ 

G(x,£,t) = j 2^ H n (t) sin7„x sin 7^ 



n=l 



-bn z t 



H n (t) 



bn 2 ^Jl - (k/ny 



smh(bnHJl - (k/n) 2 ) 



7T 2 , 2d 71 

= —p^e = qe, k = — 7„ = -n. 



2P 



Tie 



I 



3 Analysis of G(x, t, £, e) when e tends to zero. 

In order to investigate the behaviour of the Green function G when pa- 
rameter e — > 0, referring to the function G defined in (2.14), let: 

e -bn 2 t 



(3.1) H l (t)= smbn 2 U (k/n) 2 - 1 

bn 2 ^J(k/n) 2 -l V 

and 

9 [k] 00 

(3.2p(x,e,t) = y (E Hl n(t)+ E H n (t)}sm ln x sin 7n £ = G 1 + G 2 . 

1 71=1 [fc]+l 

If a is an arbitrary constant such that: 
(3.3) l/2<a<l, n = — , 

the term G\ of G can be given the forms: 
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2 [fi] M 
(3.4) Gi(x,e,0 = 7 (E #»(*) + E ^(0}sin 7n x sin 7 „£ ■ 

f n=l [n]+l 

It is easy to prove that if 1 < n < [n] it holds: 



(3.5) V / (^) 2 " 1 > J e"^<e-^. 

Otherwise, if [n] + 1 < n < [k]: 



(3.6) v/(A:/n) 2 -l> ^^-^ g ; < e -**/«*-\ 

where < j3 < 1. In particular, if is an integer we will assume (3 = 1 and 
we will explictly consider the term with n — k, having te~ 2c l l e . 

Since (3.5) and (3.6), the following inequality holds: 

(3.7) \G x {x^t)\ < N(e)e~ a e- qt£ + N^e) e~ 3/2 e'^^ 
where 



and C(2) is the Riemann zeta function. 

There remains to determine an upper bound for hyperbolic terms. This 
may be done using inequalities proved in [5]. So,beeing Vn > [k] + 1: 



(3.9) bn 2 t(l ± yjl - (k/n) 2 ) > c 2 /e, 

and since 



with (3 = if k is an integer, we can write: 



(3.11) |C 2 (^,^,i)| < C^e) e- 2 e- c2 */ £ 

where 

2C(2)[d + 7re(l-/3)] 



(3.12) Ci(e) 



gZ7r(l-/3)[4cZ + 7re(l-/3)]" 



The previous results lead to prove the following 

Theorem 3.1 - T/ie Green function G(x,£,t) defined in (2.14) converges ab- 

solutly for all (x,t) E D. Moreover, indicating by M '(e) = max{N 1 (e) e~ 3 / 2 ,Ci(e) £~ 2 }, 

it holds: 



(3.13) \G(x,£,t)\ < N{e)e- a e- qt£ + M{e)e~ ct/£ 



2-l ljlct-l 



4 Asymptotic approximation 

Now, we are able to estimate function r(x,t,e) i.e. it is possible to have 
an upper bound for the solution of problem (2.11). 
In fact, recalling expression (2.12)-(2.13), it holds: 

(4.1) \r(x,t,e)\ < Is f e - £T {\\ t (x, r)| + e\X - u\}\G(x, £, t - r)\dr+ 

Jo 

+1 f\F{x,T)\\l-e- £T \G{x,^t-r)\dr. 
Jo 



So, choosing: 

(4.2) 3/4<a<l and 2(2a - l)" 1 < 5 < 1, 
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let: 



(4.3) (3 = 5{2a - 1) - 1/2, < 7 < 1. 
So, if 

(4.4) 77 = mm{/3,7, 1 - a, 1/2}; 
and 

(4.5) A = max {sup d \F\,supD | A — it| , supo |At|} 

the following lemma holds: 

Lemma 4.1 - If the function f(x,t,e) defined in (2.12) is a continuous 
function in D with continuous derivative with respect to x, then the function 
r(x,t,e) satisfies the inequality : 

(4.6) \r\ < Ale^{t 2 Z{e) + tY(e) + {t 2 ' 5 + t^Wie) + t 1 ~^V(e)}+ 

+A{U(e) e~ cH ' £ + S(s)} 

with 

(4.7) Z{e) = N(e)/2; Y(e) = max{2N(e), N^e)} 
W(e) = N^S/e) 6 V(e) = C(e)[(l + 7 )/e] 1+7 (l - 7)" 1 

U(e) = 2qe/c 2 C(2) + C(e)/c 2 + e/c 2 ; S(e) = 2qe((2)/c 2 + e/c 2 . 
Proof- Since the well known inequality [7]: 

(4.8) e~ x < [a/(ex)] a Va > 0,Vx > 
and (4.1), it holds: 
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(4.9) |r| < Al[e l - a {t 2 /2 + t + et)N + (S / e) s (t 2 ' 6 + t 1 ' 6 ) + t^] + 



+C 1 (e)[(l + 7)/e 1+7 (l - 7)"^ 1_7 £ 7 + e/c 2 + e 



—c 



■ 2t/£ (e/c 2 + c- 2 )+ 




(4.10) 



Q £ = {(x, t) : < x < I, < t < e~ v/2 } 



the following theorem holds: 

Theorem 4.1 - When e — > 0,the solution of the parabolic problem (2.1) 
verifies the following asymptotic estimate 



where the error r(x,t,e) is uniformly bounded every where in Q £ . 
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